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We present two hyperentanglement concentration schemes for two-photon states that are partially 
entangled in the polarization and time-bin degrees of freedom. The first scheme distills a maximally 
hyperentangled state from two identical less-entangled states with unknown parameters via the 
Schmidt projection method. The other scheme can be used to concentrate an initial state with 
known parameters, and requires only one copy of the initial state for the concentration process. 

Both these two protocols can be generalized to concentrate A^-photon hyp erent angled Greenberger- 
Horne-Zeilinger states that are simultaneously entangled in the polarization and time-bin degrees 
of freedom. Our schemes require only linear optics and are feasible with current technology. Using 
the time-bin degree of freedom rather than the spatial mode degree of freedom can provide savings 
in quantum resources, which makes our schemes practical and useful for long-distance quantum 
communication. 


I. INTRODUCTION 

Entanglement is a unique quantum mechanical phe¬ 
nomenon that is a crucial resource for quantum informa¬ 
tion processing. It has been widely used in quantum com¬ 
munication and quantum computation protocols over the 
past decades [l| . Entangled photon systems can serve as 
a quantum channel in many long-distance quantum com¬ 
munication schemes such as quantum key distribution 
ii , dense coding d, [2^ , teleportation , quantum se¬ 
cret shari ng |7H 9||, and quantum secure direct communi¬ 
cation |10I412|| . Single photons are interesting candidates 
for quantum communication due to their manipulabil- 
ity and high-speed transmission, and because they have 
several degrees of freedom (DOFs) to carry quantum in¬ 
formation. This also allows the possibility of entangle¬ 
ment in a single or multiple degrees of freedom. So far, 
photons entangled in polarization, spatial modes, time- 
bin, frequency, and orbital angular momentum have all 
been successfully generated in experiments. Moreover, 
hyperentanglement in which photons are simultaneously 
entangled in more than one DOF has also been demon¬ 
strated [l3l - l^ . 

Hyperentangled states can be used to beat the chan¬ 
nel capacity limit of superdense coding with linear optics 
[231124| , construct hyper-parallel photonic quantum com¬ 
puting [2^, [26| which can reduces the operation time and 
the resources consumed in quantum information process¬ 
ing, achieve the high-capacity quantum communication 
with the complete tele por tation and entanglement swap¬ 
ping in two DOFs [^ [^. They can also help to design 
deterministic entanglement purification protocols |29l - l32|| 
which work in a deterministic way, not a probabilistic 
one, far different from conventional entanglement purifi- 
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cation protocols [33l - l3^ . They have been used to assist 
the complete Bell-state analysis [1^, [36l - l40j| . 

However, entangled states will inevitably interact with 
the environment during transmission and storage. This 
degrades the fidelity and entanglement of the quantum 
states, which subsequently reduces the fidelity and secu¬ 
rity of quantum communication schemes. One solution 
proposed to preserve the fidelity of entangled channels is 
entanglement concentration. This method can be used 
to distill maximally entangled states from an ensemble 
of less-entangled pure states [4l|. Many interesting en¬ 
tanglement concentration schemes considering different 
physical systems, different entangled states and exploit¬ 
ing different components have been proposed and dis¬ 
cussed [dl - li^ . 

Recently, the distillation of hyperentangled states has 
attracted much attention since hyperentanglement has 
increasing applications in quantum information process¬ 
ing. In 2013, Ren, Du, and Deng presented the 
parameter-splitting method, a very efficient way for en¬ 
tanglement concentration with linear optics, and they 
gave the first hyperentanglement concentration protocol 
for two-photon four-qubit systems, which was extended 
to multipartite entanglement subsequently [H^. Subse¬ 
quently, Ren and Deng proposed the first hyperentan¬ 
glement purification protocol and an efficient hyper-ECP 
assisted W diamond NV centers inside photonic crystal 
cavities [^. In 2014, Ren, Du, and Deng gave a two-step 
hyperentanglement purification protocol for polarization- 
spatial hyperentangled states with the quan tum-state- 
joining method. It has a higher efficiency [^. Recently, 
Ren et al proposed a general hyperentanglement concen¬ 
tration method for photon systems assisted by quantum- 
dot spins inside optical microcavities [1^. In 2013, one of 
us proposed two hyperconcentration schemes with known 
and unknown parameters, respectively [^ . Hypercon¬ 
centration based on projection measurements was also 
proposed [^ . 
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All hyperentanglement concentration schemes so far 
have dealt with a state which is entangled in the polar¬ 
ization and spatial mode DOFs. Here we focus on hyper¬ 
entanglement concentrations of states entangled in the 
polarization and time-bin degrees of freedom. The po¬ 
larization is the most popular DOF of the photon due to 
the ease with which it can be manipulated with current 
technology. The spatial mode is also easy to manipu¬ 
late and measure with linear optical elements. However, 
each photon requires two paths during the transmission 
when we choose the spatial mode to carry information, 
which can be a significant issues in long-distance multi¬ 
photon communication. The time-bin DOF is also a sim¬ 
ple, conventional classical DOF. Two different times of 
arrival can be used to encode the logical 0 and 1. The 
time-bin states can be simply discriminated by the time 
of arrival. On the other hand, the manipulation of the 
time-bin DOF is not easy. The Hadamard operation and 
measurement of the time-bin state in the diagonal basis 
|±) = l/-\/2(|0) ± |1)) are difficult. 

In this paper we show how to manipulate the time-bin 
and polarization DOFs for hyperconcentration of two- 
photon entanglement. Our first scheme uses two less- 
entangled pairs with unknown parameters to concentrate 
hyperentanglement via the Schmidt projection method. 
The second scheme we propose, which only uses one copy 
of the less-entangled state with known parameters, bor¬ 
rows some ideas from the parameters splitting method 
( 4 ^ . Both these two schemes can be generalized to con¬ 
centrate A^-photon hyperentangled GHZ states, and the 
success probability remains unchanged with the growth 
of the number of photons. Moreover, our schemes do not 
require nonlinear interactions that are difficult to imple¬ 
ment with current technology. The time-bin entangle¬ 
ment is a stable and useful DOF and does not require 
two paths per photon compared with the spatial modes. 
Our proposed schemes are thus practical and useful for 
long-distance quantum communication based on hyper¬ 
entanglement. 


II. HYPERENTANGLEMENT 
CONCENTRATION WITH UNKNOWN 
PARAMETERS 

Suppose the initial two-photon partially hyperentan¬ 
gled state which is entangled in both the polarization 
and time-bin DOFs can be written as 

\4>)ab= {a\HH)+P\VV)) 

®{5\SS)+ii\LL))]ab- (1) 

Here \H) and \V) represent the horizontal and the ver¬ 
tical polarization states of photons, respectively. S and 
L denote the two different time-bins, the early (S') and 
the late (L). The time interval between the two time- 
bins is At. The subscript A and B signify the photons 
held by two distant parties Alice and Bob, respectively. 
The four parameters a, /3, 5 and t] are unknown to the 



FIG. 1: Schematic diagram of our scheme for concentration 
of a hyperentangled state with unknown parameters. Two 
identical less-entangled state \4>)aiBi and \ 4 ’)a 2 B 2 that are 
originally prepared by the source are shared by two remote 
parties Alice and Bob. The two parties change the state of A 2 
and B 2 to \4‘')a2B2 before the concentration. The operations 
were omitted in this figure. The PBSi {i = a, b) represents 
a polarizing beam splitter which transmits the horizontal po¬ 
larization state \H) and reflects the vertical polarization state 
\V). PCl (PCs) is a Pockel cell which effects a bit flip op¬ 
eration when the L{S) component is present. SPM denotes a 
single-photon measurement which is performed on the second 
photon of each party. With this device, Alice and Bob im¬ 
plement a parity check of the polarization and the time-bin 
DOFs, respectively. 


two parties and they satisfy the normalization condition 
|ap -I- |/3p = |i5p -I- |? 7 p = 1. In order to distill the maxi¬ 
mally hyperentangled state from the partially entangled 
ones, two identical original states are required, \4>)aiBi 
and \(j))A 2 B 2 - First, the two parties flip the polarization 
and time-bin states of A 2 and B 2 , respectively. Then the 
state changes to 

W)a 2B2= {a\VV)+mH)) 

®{5\LL) + r^\SS))]A2B2- ( 2 ) 

The bit-flip operation of polarization state can be realized 
by the half wave plate (HWP), while the flip of time-bin 
state can be completed by the active switches [53|. The 
whole state of the four photons can be written as 

\^o)A^B^A2B2 
= \4')A^B^ ® \4')a2B2 
= [a^\HHVV) + 0^\VVHH) 

+aP{\HHHH) + \VVVV))]a,b,A 2 B 2 
[5‘^\SSLL) + ri^\LLSS) 

-\- 5 rj{\SSSS) -\- \LLLL)y\AiBiA2B2- (3) 

The schematic of our hyperentanglement concentration 
scheme is shown in Fig. [T] Alice’s two photons are inci¬ 
dent on a polarizing beam splitter (PBS) PBSq, which is 
used to perform a polarization parity check on these two 
photons. The PBS transmits the horizontal states \H) 
and reflects the vertical ones \V). If the two photons 
have the same polarization state, i.e., the even-parity 
state, there is one and only one photon exiting from each 
output port of the PBS. Otherwise, two photons exit the 
same output port when they are in the odd-parity state. 
Since we cannot distinguish these two photons after the 























3 


PBS, we use the spatial modes oi and 02 to denote them. 
By postselecting the even-parity case the corresponding 
state is 


Here X denotes H or V, and (i, j, = L, S) means the 
time-bin i pass through the path j of the UI. After the 
UI, the state can be written as 


|d^l)aii3ia2B2 

= [a^{\HHHH) + \VVVV))UB,a2B, 
[S^\SSLL) + r]'^\LLSS) 

+6r](\SSSS) + \LLLL))]a-^Bia 2 B 2 - (4) 

Before sending his two photons into a PBSb, Bob uses 
two Pockel cells (PC) to flip the polarizations of par¬ 
ticles Bi and B 2 at a specific time. The PCl (PCs) 
is activated only when the L {S) component is present. 
Then the state changes to 

1 *^ 2 ) aiBia2B2 

+r]^{\H^V^H^H^) + \V^H^V^V^)) 
+6r]{\H^H^H^H^) + \V^V^V^V^) 

+ \H^V^H^V^) + \V^H^V^H^))]a,B^a2B2- (5) 

Here \H^) indicates that the polarization state is \H) 
while the time-bin state is \S). Then PBSb is utilized to 
compare the parity of the polarization states of Bi and 
B 2 and the even-parity case is postselected. Actually, 
due the effect of PCs, Bob’s device in effect compares 
the parity of the time-bin state of Bi and B 2 . With the 
effect of another PCl on path bi, the state of the four 
photons finally becomes 

|4?3)aibia2b2 

= al36r]{\H^ H^) + \V^V^V^V^) 

+ \H^H^H^V^) + \V^V^V^H^))a,b,a2b2- (6) 

The two parties can obtain this state with probability 
4|a/3^77p. 

The last step is to get one of the four maximal hyper¬ 
entangled states |d>±±)AB from |$ 3 )ajbja 2 b 2 by measur¬ 
ing photons on paths 02 and &2 appropriately. 

I'I^±±)ab= -^{\HH)±\VV)) 

<^^i\SS)±\LL})UB. (7) 

The first single-photon measurement (SPM) setup con¬ 
sists of only linear optical elements as shown in Fig HI 
Two beam splitters (BSs) are used to build an unbal¬ 
anced interferometer (UI). The length difference between 
the two arms is set exactly to cAt, where c is the speed 
of the photons. The effect of the UI can be described by 


\H^H^)a,b, 0 + \H^^))a2 0 + \H^^))b2 

+ \V^V^)a,b, ® dU'''') + \V^^))a2 ® + l'C^^))b2 

+ \H^H^)a,b, ® + \H^^))a2 ® (117^^) + |'C^^))b2 

+ \V^V^)a,b, ® (|U^^) + |U^^))a2 ® + \H^^))b2- 

(9) 
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FIG. 2 : (Color online) Schematic diagram of the single-photon 
measurement setup which consists of only passive linear op¬ 
tics. Here 12 can be a2 (62) for Alice (Bob). BS denotes the 
50:50 beam splitter. The PBS oriented at 45 ° transmits the 
|-|-) polarization states and reflects the |—) ones. It is used to 
measure the polarization state in the diagonal basis. 


The LS and SL components will arrive at the same 
time. Therefore, there are three time slots for each par¬ 
ticle 02 and 62 to be detected; the middle slot LS{SL), 
an early slot SS and a late slot LL. The PBS oriented 
at 45° reflects the |—) states and transmits the |-|-) ones, 
where |±) = ±\V)). We thus find that only when 

the two photons are both detected in the middle time slot 
LS or SL will the collapsed state of oi and 61 be maxi¬ 
mally hyperentangled. The probability of this outcome is 
1/4. The relation between measurement results of 0262 
and the final state of oifei is shown in Table I. Other¬ 
wise, the state of photons oi and bi is only entangled 
in the polarization DOF. Taking the probabilities of the 
two measurement steps into consideration, the total suc¬ 
cess probability of obtaining a maximally hyperentanged 
state is Pq = a^0^5^rf‘^ which is a quarter of that of the 
hyperconcentration scheme for polarization and spatial 
mode hyperentanglement (49j | . This is because it is much 
more difficult to manipulate the temporal DOF. 


TABLE I: The relation between measurement results of 0262 
in the middle time slot and the final state of 0161. 




+ )a2 +)t>2 

U\HH) + \VV)) 0 i\SS) + \LL)) 

+ )a2 “)S>2 

U\HH)-\VV))®{\SS)-\LL)) 

— )<I2 +}t>2 

U\HH)-\VV))»i\SS) + \LL)) 

l“)«'2 l“)t*2 

U\HH) + \VV))<»{\SS)-\LL)) 


|X^)^^(|X^^) + |A^^)), 
lA'^) ^ ^(|X^®) -b \X^^)). 


In order to get a higher success probability, an im¬ 
proved SPM device consisting of two UIs and two Pockel 
cells is shown in Fig. HI The length difference between 
the L and S paths is set in the same way as before. With 
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FIG. 3: (Color online) Schematic diagram of the improved 
single-photon measurement setup. Here X 2 can be 02 ( 62 ) for 
Alice (Bob). The length difference between the L and S paths 
in the UI is set to cancel the time interval between the two 
time-bins. After the effect of Pockel cells and the unbalanced 
interferometer, the particle is measured in the diagonal basis 
in both the polarization and spatial DOF by a 50:50 BS, two 
BBSs oriented at 45° and four single-photon detectors which 
are omitted in this figure. 


the effect of two PCs and two UIs, the state is adjusted 
to 


I I tjL ttL\ I tjLS ttLS\ 

-\-\Ii H }aibi\^ ^ )a2db2^ 

+ ( 10 ) 

We find that both the two photons will arrive at the 
same time, i.e., in the middle time slot. However, there 
are now two potential spatial modes for each photon, the 
up mode “rt” and the down mode “d”. The particles are 
measured in the |±) basis in both the polarization DOF 
and the spatial mode. The effect of a 50:50 BS can be 
described as 

luu -^{Outu + Outd), (11) 

v2 

Irid -^{Outu - Outd). (12) 

v2 

Here and lud denote the up and down input ports, 
while Outu and Outd are the two output ports of the BS. 
After the two particles are measured, the state of oi and 
bi collapses into a maximally hyperentangled state. The 
relationship between the measurement results and the 
shared states are shown in Table iHl The success probabil¬ 
ity using the improved measurement device is enhanced 
to Pi = 4 |Q:/ 3 ( 5 ? 7 p, which is the same as that of the hyper¬ 
concentration scheme for spatial mode and polarization 
hyperentangled states using only linear optics [i^ . 


III. HYPERENTANGLEMENT 
CONCENTRATION WITH KNOWN 
PARAMETERS 


TABLE II: The relation between measurement results of 02^2 


and the final state of aifoi. 

Ma2b2 

|4')ai6i 

l+)a2-ul + )b2T.5 \~)o.2u\—)b2u 
\~)(^2d\~^)b2d‘> l"^)“2d l“)^>2d 

\{\HH) + \VV))®{\SS) + \LL)) 

+ )a2-ul“)b2«5 \~)o.2u\-^)b2u 
\~)f^2d\~)b2d^ \~^)(^2d\~^)b2d 

\{\HH) + \VV))®{\SS)-\LL)) 

\~^) (^2u\~)b2df l~)“2u l“l“)^2(i 
\~)(^2d\~)b2ul l“l“)“2d I“l”)fj2ii 

U\HH)-\VV))®{\SS) + \LL)) 

l“l“)“2w I“l")fj2d ’ \~) <^2u\~) b2d 

\~) 0'2d\~^) b2u 1 0'2d\~) b2u 

U\HH)-\VV))®{\SS)-\LL)) 
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FIG. 4: (Golor online) The schematic of our hyperentangle- 
ment concentration scheme for an initial state with known 
parameters, (a) This part is used to concentrate the polariza¬ 
tion entanglement. R represents a wave plate which rotates 
the horizontal polarization by an angle 6 = arccos(d/Q:). Hi 
{i = 1, 2, 3) is the spatial mode of particle A. The state is post- 
selected on the condition that the photon detector placed in 
path as (omitted in the figure) does not click, and then guided 
to the input port of the following device, (b) This part is used 
to concentrate the time-bin entanglement. UBS represents an 
unbalanced beam splitter with the reflection coefficient 5. The 
desired hyperentangled state can be obtained by postselecting 
the situations that particle A does not arrive in the middle 
time slot in these two potential spatial modes. 


The scheme is implemented in two steps. The first step 
concentrates the polarization state and the second one 
deals with the time-bin state. The initial state is \4’o)ab- 
Here we assume that |q:| > |/3|. The entire concentration 
procedure can be completed by only one party, say Alice. 

First, Alice guides her photon A into a parameter¬ 
splitting device (Figure 4(a)) . The effect of the wave 
plate R is 


The schematic of our hyperentanglement concentration 
for a state with known parameters is shown in Fig. 4. 


\H) -A cos9\H) -|-sind|U) 


(13) 
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Where Q is adjusted to 0 = arccos(/?/a). Therefore, after 
passing through the wave plate, the photon state is 

\MaB = mHH)a,B + \VV)a,B) 

^iS\SS)+r)\LL)) (14) 

Here we use photon H’s paths ai and 02 to label it. After 
passing through PBS 2 and PBS 3 , the photon state can 
be written as 

\(^o)aB = mHH)AB + \VV)AB) 

+ ^\a\^-\f]\^\VH)a,B] 
(g){6\SS)+r]\LL)) (15) 


We can see that if particle A emerges in spatial mode 03 , 
the polarization state is no longer entangled. Otherwise, 
a maximally entangled polarization state is obtained with 
probability 2|/3p. 


Then A is put into the second device shown in Fig. 
|4(b)[ which is used to concentrate the temporal DOF. 
The unbalanced BS (UBS) [H, [ 5 ^ has a reflection coef¬ 
ficient r] and transmission coefficient <5. Then the state 
evolves as 


= {S\H^H^) + S\V^V^)+v\H^H^)+v\V^V^))ab 

^ S'^\H^)a^ \H‘^)b + 5'^\V^)a, \V^)b + Srj\H^)a, \H^)b + HV^)a,\V^) B 
+5r^\H^)a,\H^)B+6r^\V^)a,\V^)B+ri^\H^)a,\H^)B + ri^\V^)a,\V^)B 
^ 5^\V^)a,\H ^)b + \V^)b + Sv\H^)a,\H ^)b + 5r^\V^)a,\V ^)b 

+ 5r^\H^)a,\H^)B + HV^)a,\V^)B + V^\VCa,\HCB + V^WCa^V^B 
^ 5‘^\V^)a,\H ^)b + \V^)b + Srj\HCa,\HC b + Sr]\VCa,\V ^)b 

+ 6ll\H^)a,\H^)B + Sv\V^)a,\V ^)b + v^\VCi\hCb + V^\H^)aJVCB 

^ S^\V^C2\H^)b + S^\H^Ca^\V ^)b + Sv\H^^)a^\ hCb + Sv\V^Ca,\VCB 

+Sii\H^^)a,\H ^)b + d7^\V^^)a,\V ^)b + \hCb + |U^)b. 

(16) 


We find that by rejecting the cases that A arrives in the 
middle time slot (|S'L) and IDS')), the preserved state 
is the desired maximally hyperentangled one. The un¬ 
wanted component can be discarded by a time gate. 
However, the particle has two potential spatial modes. 
To get the desired maximally hyperentangled state, the 
50:50 BS in Figure 4(b) is introduced. Then the states 
postselected in paths ai and 02 are 

14/++),,B = \{\HH) + |UU))„B O {\S'S) + \L'L)), 
|4/__),,b = lilHH) -\VV)Ub O US’S) - \L'L)){17) 

Here we use \S'), {\L')) to represent the \SS), {\LL)) time 
states of photon A. The total success probability of our 
hyperentanglement concentration scheme with known pa¬ 
rameters is P 2 = 4|/?dryp. 


IV. DISCUSSION AND SUMMARY 

We have proposed two hyperentanglement concentra¬ 
tion schemes for two-photon state partially hyperentan¬ 
gled in the time-bin and polarization DOFs. The two 
schemes apply to the cases where the parameters of the 
initial states are unknown and known, respectively. In 
the first scheme, two identical partially entangled states 
are required. Alice and Bob perform the polarization 
and time-bin parity check measurements, respectively. 
The time-bin parity check measurement is implemented 
using Pockel cells and polarizing beam splitters. Only 
when both of the two parties get the even-parity results 
will the selected state be the desired one. To obtain the 
two-photon hyperentangled state, Alice and Bob mea¬ 
sure two photons in the diagonal basis in both the po¬ 
larization state and the time-bin DOFs. With a simple 
single-photon measurement device which consist of only 
linear optics, the success probability of the concentration 
is only ja/Sdyp. We showed that this can be enhanced 
to Pi = 4 |a/ 3 d 7 p via an improved measurement device. 
In the second scheme, only one copy of the initial state 
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FIG. 5: (Color online) The success probabilities of our two 
hyperentanglement concentration schemes. Here we choose a 
kind of special state that |a| = |5| and |/3| = \r]\. The solid line 
and dashed line correspond to the hyperentanglement concen¬ 
tration with unknown and known parameters, respectively. 

is required and only one of the two parties is needed 
to perform all the required local operations. The pa¬ 
rameter splitting method is used to first concentrate the 
polarization DOF. For the concentration of the time-bin 
state, the desired state is obtained by postselecting on 
the condition that the photon is not detected in the mid¬ 
dle time slot. The success probability is P 2 = 4 |/ 3 ( 57 p, 
where |a| > |/3|. 

In our first concentration scheme, the desired state is 
obtained by preserving the case where each path has one 
and only one photon. In a practical application, we can 
simply judge whether the concentration succeeds or not 
by the clicks in the detectors on paths 02 and 62 . Some 
failing cases can be rejected by discarding the situations 
where there are no clicks in either of Alice or Bob’s mea¬ 
surement devices. If each of them record a click, there 
are three possible scenarios - the total number of pho¬ 
tons in modes 02 and 62 is 2, 3 or 4. This is because 
the conventional single-photon detector cannot perfectly 
discriminate the number of photons. Then the corre¬ 
sponding photon number in ai and bi is 2, 1 or 0. If 
these cases are mistaken as successful events, the output 
state is a mixed one 

Paibi = FqPo + Fipi + F2P2- (18) 

Here po = \vac){vac\ denotes the vacuum state with no 
photons in oi and bi. The probability is Fq = \a^5ri\^. 
Pi represents the one-photon state in modes ai and bi 
with Fi = \a5\'^ + \arj\'^ + \aj36‘^\'^ + |a/ 3 ? 7 ^p. p 2 cor¬ 
responds to the desired one photon per path case and 
F 2 = Pi- There are several ways to eliminate the vac¬ 
uum and single-photon terms. First, we can replace the 
original detectors with some beam splitters and more de¬ 
tectors to detect the two photon per path cases [i^. Sec¬ 
ond, photon-number-resolving detectors can be used to 
eliminate the cases with more than one photon in one 
spatial mode. In our second scheme, the concentration 
fails if the detector in mode 03 clicks. The desired state 


can also be obtained by postselecting the cases where the 
particle emits from ai or 02 at the right time slots when 
the state is used to complete the task in quantum commu¬ 
nication. In this case the task is accomplished although 
the state is destroyed. 

The success probabilities of our two schemes for some 
special states are shown in Fig. 0 It is clear that the sec¬ 
ond method is more efficient than the first one. In general 
the unknown initial state parameters can be estimated by 
measuring a sufficient number of sample states, but this 
consumes extra resources. However, the second method 
has a higher success probability and it only requires one 
copy of the less-entangled state in each round of concen¬ 
tration. Therefore, if the number of states to be concen¬ 
trated is large, the second scheme may be more efficient 
and practical, even if the parties must first perform state 
estimation. In contrast, if the number is small, the hy¬ 
perentanglement concentration scheme with the Schmidt 
projection method may be more practical since the two 
parties are not required to measure sample states to es¬ 
timate the parameters of the less-entangled state. 

Both these two methods can be extended to concen¬ 
trate the following hyperentangled A^-photon GHZ state 

\4>)ab...c = {a\HH...H) + P\VV...V))ab...c 

® {5\SS...S)+p\LL...L))ab...c- (19) 

A, B, ...C represent the N parties who want to share one 
of these four maximally hyperentangled GHZ states 

|4'±±)ab...c = ± \VV...V))ab...c 

® {\SS...S)±\LL...L))ab...c- ( 20 ) 

On one hand, when the parameters of the initial state are 
unknown, two identical copies of the less-entangled states 
are required, \4>)A 1 B 1 ...C 1 and \4>)A 2 B 2 ...C 2 - First, the N 
parties flip the polarization and time-bin states of A 2 , 
B 2 , ..., 02 , respectively. Then two of the N parties, say 
Alice and Bob perform the parity checks on Ai , A 2 and 
Bi,B 2 , respectively and postselect the case where both 
of them obtain the even-parity state. Then each of the N 
parties performs a single-photon measurement of his/her 
second particle. If the N parties choose the simple device 
shown in Fig. [21 only the middle time slot clicks will re¬ 
sult in the desired state, and the success probability will 
decrease with the growth of photon number. However, 
if all of them choose the improved SPM shown in Fig. 
in the success probability to obtain the maximally hy¬ 
perentangled state is the same as that of the two-photon 
hyperentanglement concentration scheme. On the other 
hand, if the parameters of the initial less-entangled N- 
photon state are known, only one copy is sufficient. One 
of the N parties, say Alice, performs the concentration. 
The remaining N — 1 parties do nothing. The N parties 
will share the desired maximally hyperentangled state 
with probability P 2 = 4 |/ 3 ( 5 ? 7 p. 

Most of the existing hyperentangled concentration 
schemes focus on states entangled in the polarization and 
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spatial inodes. Here we have considered a different kind 
of hyperentanglement - that of polarization and time-bin 
entanglement. The success probability of our first scheme 
with unknown parameters achieves the same value as 
the protocol for polarization and spatial mode entangled 
states [i^ by exploiting the improved single-photon 
measurement scheme that we have proposed. We must 
admit that the success probability of our second protocol 
with known parameters is smaller than that of the con¬ 
centration protocol for the polarization and spatial mode 
hyperentangled state. This is due to the challenges of 
working with the time-bin qubit (d^ . On the other hand, 
for the A^-photon state with known parameters, we do 
not require auxiliary states as in Ref. (5fll |. which makes 
our scheme easier to implement in experiments. In ad¬ 
dition, the time-bin DOF is a stable DOF, and since it 
only requires one path for transmission we do not have to 
worry about path-length dispersion. Moreover, it saves a 
large amount of quantum resources in long-distance com¬ 


munication schemes compared to the spatial mode DOF 
which requires two paths for each photon’s transmission. 
Furthermore our schemes only require linear optics which 
makes them experimentally feasible. All these character¬ 
istics make our schemes useful and practical, and may 
lead to promising applications in long-distance quantum 
communication in the near future. 
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